In this paper, we study the longtime behavior of solution to the initial boundary value problem for a class of strongly damped Higher-order Kirchhoff type equations:
Introduction
In this paper, we are concerned with the existence of global attractor for the following nonlinear Higher-order Kirchhofftype equations:
u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), x ∈ Ω, (1.2)
u(x, t) = 0, ∂ i u ∂v i = 0, i = 1, . . . , m − 1, x ∈ ∂Ω, t ∈ (0, +∞), (1.3) where m > 1 is an integer constant, α > 0, β > 0 are constants and q is a real number. Moreover, Ω is a bounded domain in R n with the smooth boundary ∂Ω and v is the unit outward normal on ∂Ω. g(u) is a nonlinear function specified later.
It is known that Kirchhoff (1883) first investigated the following nonlinear vibration of an elastic string for δ = f = 0: 4) where u = u(x, t) is the lateral displacement at the space coordinate x and the time t, ρ the mass density, h the cross-section area, L the length, E the Young modulus, p0 the initial axial tension, δ the resistance modulus, and f the external force.
When α = 0, β = 1 and q > 0 are real number, Yunlong Gao, Yuting Sun and Guoguang Lin (2016) studied existence of weak solutions for degenerate High-order Kirchhoff equations: 5) u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), x ∈ Ω, (1.6)
u(x, t) = 0, ∂ i u ∂v i = 0, i = 1, . . . , m − 1, x ∈ ∂Ω, t ∈ (0, +∞),
( 1.7) where m > 1 is an integer constant. Ω is a bounded domain in R n with the smooth boundary ∂Ω and v is the unit outward normal on ∂Ω. g(u) is a nonlinear function specified later.
When α = 0, β = 1 and q > 0 is real number and strong linear stamping (−∆) m u t is replaced βu t , Li Yan (2011) u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), in x ∈ Ω, (1.10)
where Ω is an open bounded set of R n (n ≥ 1) with smooth boundary Γ and the unit normal vector.The function g ∈ C 1 satisfies some of conditions.
) q is replaced a + b∥∇ m u∥ 2q and g(u) = −|u| p u, Guoguang Lin, Yunlong Gao, Yuting Sun (2017) had studied local existence and blow-up of solutions: 11) u (x, t) = 0, ∂ i u ∂v i = 0, i = 1, 2, · · · , m − 1, x ∈ ∂Ω, t ∈ (0, +∞) ,
(1.12)
u (x, 0) = u 0 (x) , u t (x, 0) = u 1 (x) , x ∈ Ω, (1.13)
where Ω is a bounded domain in R n with the smooth boundary ∂Ω and v is the unit outward normal on ∂Ω. Moreover, m > 1 is an integer constant, and q, p, a and b are some constants such that q ≥ 1, p ≥ 0, a ≥ 0, b ≥ 0 and a + b > 0.
When q = 0, m = 1, g(u) = −|u| p u, the equation (1.1) becomes a nonlinear wave equation:
14)
u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), x ∈ Ω, (1.15)
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, +∞).
(1.16) It has been extensively studied and several results concerning existence and blowing-up have been established (Ball, J. M., 1997; KOPÁCKOVÁ, M, 1989; HARAUX, A. & ZUAZUA, E., 1988) .
When α = 0, β = 1, m = 1, g(u) = −|u| α u and q = γ > 0 is real number, Kosuke Ono (1997) had studied global existence, asymptotic stability and blowing up of solutions for Some Degenerate Non-linear Wave Equations: 17) u(0) = u 0 (x), u t (0) = u 1 (x), x ∈ Ω, (1.18)
u(x, t) | ∂Ω = 0, t ∈ [0, +∞), (1.19) where Ω is a bounded domain in R n with the smooth boundary ∂Ω. where Ω ⊆ R n is an open set and ∇u and ∆u denote the gradient and the Laplacian of u with respect to the space variables. They prove that for such initial data (u 0 , u 1 ) there exist two pairs of initial data (ū 0 ,ū 1 ), (û 0 ,û 1 ) for which the solution is global, and such that u 0 =ū 0 +û 0 , u 1 =ū 1 +û 1 .
When m = 1, Yang Zhijian, Ding Pengyan and Lei Li (2016) studied Longtime dynamics of the Kirchhoff equations with fractional damping and supercritical nonlinearity:
, Ω is a bounded domain R N with the smooth boundary ∂Ω , and the nonlinearity f (u) and external force term g will be specified.The main results are focused on the relationships among the growth exponent p of the nonlinearity f (u) and well-posedness. They show that (i)even if p is up to the supercritical range, that is, 1 ≤ p < N+4α (N−4α) + , the wellposedness and the longtime behavior of the solutions of the equation are of the characters of the parabolic equation; (ii) when
+ , the corresponding subclass G of the limit solutions exists and possesses a weak global attractor.
When m = 1,
) q is replaced σ(∥∆u∥ 2 ), Yang Zhijian, I.Chueshov ( Yang, Z. J. & et al., 2014; Zhijian Yang & Zhiming Liu., 2015; Igor Chueshov., 2012) studied the Global attractor and exponential attractors for the Kirchhoff type equations with strong nonlinear damping and supercritical nonlinearity:
where Ω is a bounded domain in R N with the smooth boundary ∂Ω, σ(s), ϕ(s) and f (s) are nonlinear functions, and h(x) is an external force term. They prove that in strictly positive stiffness factors and supercritical nonlinearity case, there exists a global finite-dimensional attractor in the natural energy space endowed with strong topology. Xiaoming Fan (2004) consider the following non-degenerate Kirchhoff-type's Kernel sections and estimation of Hausdorff dimensions: 28) where β > 0, ρ > −1, γ ≥ 0. h(u t ) and g(u, t) are supposed in paper.
For the most of the scholars represented by Yang Zhijian have studied all kinds of low order Kirchhoff equations and only a small number of scholars have studied the blow-up and asymptotic behavior of solutions for higher-order Kirchhoff equation. So, in this context, we study the high-order Kirchhoff equation is very meaningful. In order to study the high-order nonlinear Kirchhoff equation with the damping term, we borrow some of Li Yan's (Ball, J. M., 1997) partial assumptions (2.1)-(2.3) for the nonlinear term g in the equation. In order to prove that the lemma 2.4, we have improved the results from assumptions (2.1)-(2.3) such that 0 < C 2 ≤ 1 2 . Then, under all assumptions, we prove that the equation has a unique smooth solution (u, u t 
) and obtain the solution semigroup S (t) :
(Ω) has global attractor A and the upper bounds of Hausdorff dimensions. At last, we get the exponential attractor by strong quasi-stability.
For more related results we refer the reader to (Xiaoming Fan & Shengfan Zhou., 2004; HD Nguyen., 2014; Yaojun Ye, 2013; Teman, R., 1998; S. Zhou., 1999; Ke Li., 2017; Zhang Yan & et al., 2008; Xueli Song & Yanren Hou., 2015; L. H. Fatori, et al, 2015; Lin, G. G., 2011; Teman, R., 1998; Wu, J. Z. & Lin, G. G., 2009; Robert A. Adams, et al., 2003; Z. J. Yang, 2010; Zhijian Yang & Pengyan Ding, 2016) . In order to make these equations more normal, in section 2 and in section 3, some assumptions, notations and the main results are stated. Under these assumptions, we prove the existence and uniqueness of solution, then we obtain the global attractors for the problems (1.1)-(1.3). In section 4, we consider that the estimation of the upper bounds of Hausdorff for the global attractors are obtained according to (Yaojun Ye., 2013) . In section 5, we obtain the fractal exponential attractor by (Yang, Z. J. & et al., 2016; Yang, Z. J. & et al., 2014; Zhijian Yang & Zhiming Liu, 2015; Igor Chueshov, 2012) .
Preliminaries
In this section, we introduce material needed in the proof our main result. We use the standard Lebesgue space L p (Ω) and Sobolev space H m (Ω) with their usual scalar products and norms. Meanwhile we define
} and introduce the following abbreviations:
According to (Li, Y., 2011) , we present some assumptions and notations needed in the proof of our results. For this reason, we assume nonlinear term g(u) ∈ C 1 (Ω) satisfies that
where 0 ≤ r < +∞(n = 1, 2), 0 ≤ r < 2(n = 3), r = 0(n ≥ 4).
where 1 ≤ p ≤ n+2m n−2m (n > 2m) and 1 ≤ p < +∞(n ≤ 2m). For every γ > 0, by (H 1 ) − (H 3 ) and apply Poincaré inequality, there exist constants C(γ) > 0, such that
where
2 is independent of γ. Lemma 2.1.(Young's Inequality (Lin,G.G.,2011) ) For any ε > 0 and a, b ≥ 0, then
8) (Yao junYe.,2013) ) Let s be a number with 2 ≤ s < +∞, n ≤ 2m and 2 ≤ s ≤ 2m n−2m , n > 2m. Then there is a constant K depending on Ω and s such that
Lemma 2.3.(Gronwall's inequality (Lin,G.G.,2011) ) If ∀t ∈ [t 0 , +∞), y(t) ≥ 0 and
where g > 0, h ≥ 0 are constants.
Lemma 2.4. Assume (H 1 ) − (H 3 ) hold, and
, and
, λ 1 is the first eigenvalue of −∆ in H 1 0 (Ω), and
Thus, there exists R 0 and t 0 = t 0 (Ω) > 0, such that
Proof. We take the scalar product in L 2 of equation (1.1) with v = u t +ε 1 u. Then
By using Poincaré's inequality and Young's inequality, after a computation in (2.13), we have
(2.14)
Substituting (2.14)-(2.18) into (2.13), then
Next, some of the items are estimated in (2.19). By Young's inequality, we have
By (2.6), (2.20) and ε 1 < β q , we get
4 . By (2.22) ,we have
(2.24)
In (2.25), by (2.7), (2.21) and
We set
From conclusion (2.23), we know y(t) ≥ 0. So, by Gronwall's inequality and (2.23), we obtain
So, there exist R 0 and t 0 = t 0 (Ω) > 0, such that
Lemma 2.5. In addition to the assumptions of Lemma 2.4., (
) , and
Thus, there exists R 1 and t 1 = t 1 (Ω) > 0, such that
After a computation in (2.35) one by one, as follow
(2.36)
By Lemma 2.4., we know it exists C 4 , such that
By (2.38) and (2.39), we get
(2.40) By Young's inequality, we get
Next to estimate ∥g(u)∥ 2 in (2.41). By (H 4 ):|g(s)| ≤ C 1 (1 + |s| p ) and Young's inequality, we have
.
(2.42)
Collecting with (2.43), from (2.41) we have
(Ω) and Young's inequality, we obtain 
(2.47) 48) where
By Gronwall's inequality, we have
Therefore, we have
So,there exists R 1 and t 1 = t 1 (Ω) > 0, such that
(2.52)
Global Attractor

The Existence and Uniqueness of Solution
Theorem 3.1. Assume (H 1 ) − (H 4 ) hold, and
Proof. By the Galerkin method, Lemma 2.4. and Lemma 2.5. , we can easily obtain the existence of Solutions. Next, we prove the uniqueness of Solutions in detail.
Assume u, v are two solutions of the problems (1.1)-(1.3), let w = u − v, then w(x, 0) = w 0 (x) = 0, w t (x, 0) = w 1 (x) = 0 and the two equations subtract and obtain
By multiplying (3.2) by w t , we get (
(3.6) Exploiting (3.4)-(3.6), we receive d dt
In (3.7), according to Lemma 2.4. and Lemma 2.5., such that
where min
{∥∇ m u∥ , ∥∇ m v∥} , C 6 > 0, and C 7 > 0 are constants.
By (H 4 ), Lemma 2.2., Lemma 2.4. and Lemma 2.5., we obtain
where C 8 > 0 is constant. From the above, we have d dt
(3.10)
By using Gronwall's inequality for (3.10), we obtain
where C 9 = max
Hence , we can get
That is
(3.14)
So, we get the uniqueness of the solution.
The Existence of Global Attractor
Theorem 3.2. (Lin,G.G.,2011) Let E be a Banach space, and {S (t)}(t ≥ 0) are the semigroup operator on E 0 . S (t) : E 0 → E 0 , S (t + τ) = S (t)S (τ)(∀t, τ ≥ 0), S (0) = I, where I is a unit operator.Set S (t) satisfy the follow conditions: 1) S (t) is uniformly bounded, namely ∀R > 0, ∥u∥ E ≤ R, it exists a constant C(R), so that
2) It exists a bounded absorbing set B 0 ⊂ E, namely, ∀B ⊂ E, it exists a constant t 0 , so that
where B 0 and B are bounded sets.
3) When t > 0, S (t) is a completely continuous operator. Therefore, the semigroup operator S(t) exists a compact global attractor A.
Theorem 3.3. Under the assume of Lemma 2.4., Lemma 2.5. and Theorem 3.1., equations have global attractor
where 
dist(S (t)B, A)
Proof. Under the conditions of Theorem 3.1., it exists the solution semigroup S(t),S (t) : 
So we get B 0 is the bounded absorbing set.
is compact embedded, which means that the bounded set in E 1 is the compact set in E 0 , so the semigroup operator S(t) exists a compact global attractor A.
The Estimates of the Upper Bounds of Hausdorff Dimensions for the Global Attractor
Differentiability of the Semigroup
In order to estimate dimensions, we suppose: (H 5 ) for every M > 0, there exist k = k(M), such that:
The inner product and the norm in E 0 space are defined as follows:
5)
Proof. By (4.2)-(4.6), we get
(4.8)
By using hölder inequality, Young's inequality and Poincaré inequality, we deal with the terms in (4.8) by as follows:
and substituting (4.9)-(4.10) into (4.8), we obtain
The proof of Lemma 4.1.1 is completed.
The linearized equations of (1.1)-(1.3), the above equations as follows:
where (ξ, ζ) ∈ E 0 , (u, u t ) = S (t) (u 0 , u 1 ) is the solution of (1.1)-(1.3) with (u 0 , u 1 ) ∈ A.
Given (u 0 , u 1 ) ∈ A and S (t) : E 0 → E 0 , the solution S (t) (u 0 , u 1 ) ∈ E 0 , by stand methods we can show that for any (ξ, ζ) ∈ E 0 , the linear initial boundary value problem (4.12)-(4.14) possess a unique solution (U(t), U t (t)) ∈ L ∞ ((0, +∞); E 0 ).
Lemma 4.1.2. For any t > 0, R > 0, the mapping S (t) :
T , where U(t) is the solution of (4.12)-(4.14).
Proof.
We can get the Lipchitz property of S (t) on the bounded sets of E 0 , that is
Let θ =ũ − u − U is the solution of problem
(4.18)
Taking the scalar product of each side of (4.16) with θ t .Because of
(4.19) 
) .
(4.21)
By the Gronwall's inequality and (4.15), we get
From (4.22), we obtain
The proof is competed.
The Upper Bounds of Hausdorff Dimensions for the Global Attractor
Consider the first variation of (4.4) with initial condition:
It is easy to show from Lemma 4.1.2 that (4.24) is a well-posed problem in E 0 , the mapping S ε (τ) :
where (U(t), V(t))
T is the solution of (4.24).
Lemma 4.2.1. (T eman,R.,1998) For any orthonormal family of elements of
is the eigenvalue of A m .
Proof. This is a direct consequence of Lemma VI 6.3 of [17] . 
where R 0 is as in Lemma 2.4, and
Proof. Let n 1 ∈ N be fixed. Consider m 1 solutions Ψ 1 , Ψ 2 , · · · , Ψ n 1 of (4.24). At a given time τ, let Q n 1 (τ) denote the orthogonal projection in E 0 onto span
with respect to the inner product (, ) E 0 and norm ∥∥ E 0 .
Suppose
By y j E 0 = 1 and Lemma 4.1.1, we have
By the hypothesis (H 4 ), the mean value theorem and the Sobolev embedding theorem:
So, by Lemma 2.4 and (4.34), for n = 1,
For n > 2m, by (H 4 ), there exists C 22 (R 0 ) > 0, such that
(4.38)
From (4.34)-(4.38), we have
By Lemma 2.4, we obtain ( (4.41) where
So, by lemma 4 of (S. Zhou, 1999) , we obtain (4.29). The proof of Theorem 4.2.2 is completed.
Exponential Attractor
Definition 5.1. (Lin,G.G.,2011) Let X be a complete metric space. A set A exp ⊂ X is said to be an exponential attractor of the dynamical system (S (t), X) if (i) it is a compact set in X; Journal of Mathematics Research Vol. 9, No. 4; (ii) it has finite fractal dimension in X, i.e. dim f
(iii) it is a forward invariant set, i.e. S (t)A exp ⊂ A exp , t ≥ 0;
(iv) it attractor exponentially the bounded sets in X, that is, for any bounded set B ⊂ X, there exists a positive constant k such that Fournier,2003) ) Let 1 ≤ p < q < r, so that
Lemma 5.3. (Zhi jianYang&PengyanDing.,2016) Let y : R + → R + be an absolutely continuous function satisfying
Lemma 5.4. Under assumptions of Lemma 2.4 and Lemma 2.5, there exist t 2 , R 2 ≥ 0, such that
Proof. Differentiate to (1.1) about t, we get
Now we use the multiplier u tt for (5.7). We readily obtain d dt
By Lemma 2.4 and Lemma 2.5, we get 13) where C 24 , C 25 , C 26 > 0 and C 27 = C 24 + C 26 .
We choose ε < 2λ 1 m and Lemma 2.5, then d dt
(5.14)
By Gronwall's inequality for (5.14), we obtain
Therefore, it exists t 2 , R 2 > 0, such that
Lemma 5.5. One of the following requirements fulfills:
Then, the following Lipschitz continuity holds: 
Proof. Obviously, we have
By multiplying (5.19) by z t and Lemma 2.4, Lemma 2.5, we get d dt
. By the interpolation and Lemma 2.5, we get 
(5.24)
We take the scalar product in L 2 of equation (5.19) with z. Then
In (5.25), by Lemma 2.5 we have 27) with C 36 = C 35 + 1.
Setting
Obviously, there exist a 2 ≥ a 1 > 0, k > 0 and ε 3 > 0 suitably small, such that 33) where C 37 = max{C 29 , C 32 + ε 3 C 36 }.
By Lemma 5.3, there exists C > 0, we get where ε 3 > 0 is suitably small.
Therefore, Omit Case(I), we easily obtain (5.18).
Lemma 5.6.
[28] Let X be a Banach space and M be a bounded closed set in X. Assume that the mapping V : M → M possesses the properties:
(i) V is Lipschitz on M, i.e. there exists an L > 0 such that
(5.46)
(ii) there exist compact seminorms n 1 (x), n 2 (x) on X such that ∥Vv 1 − Vv 2 ∥ ≤ η ∥v 1 − v 2 ∥ + K (n 1 (v 1 − v 2 ) + n 2 (Vv 1 − Vv 2 )) (5.47) for any v 1 , v 2 ∈ M, where 0 < η < 1 and K > 0 are constants.
Then for any k > 0 and δ ∈ (0, 1 − η) there exists a forward invariant compact set A k,δ ⊂ M of finite fractal dimension such that 48) where q = η + δ < 1, and we easily obtain conclusion of definition 5.1. So, we obtain A exp is an exponential attractor of (S (t), E 0 ).
